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V Fourier transform

5-1 definition of Fourier Transform

% The Fourier transform of a function f(x) is defined as
F{f{x)} = F(u) = J f(x) e~ 2™4Xdx

The inverse Fourier transform, 71, is defined so that
f(x) = F-HF{f(x)}}
f(x) =f F(u) e?™Xdy

* For more than one dimension - the Fourier transform of a

function f(x,y,z)
Flu,v,w) = j f j f(x,y,z)e 2muxtvy+wz) qydydz

Note that

ux + vy +wz can be considered as a scalar product of « and

T e.
UT=ux+vy+wz
, iIf the unit vectors of % and ¥ form an orthonormal set.
Ru=1,0v=0%w=0
9 a=09-F=19-@=0
z-u=072-r=0z2-w=1

Therefore,

FU®} = F@) = J ) f(F) e 2™aT g
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and the vector « may be considered as a vector in

“Fourier transform space”

* The inverse Fourier transform in 3-D space

FHF (W)} = () = f ooJf(ﬁ) e?™M Uy

Consider the diffraction from a single slit

v

4%

The result from a single slit

b
5 [
= L (KT —
E=2 i(xr (ot)d
L [ qoeman
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—ikz sin 6 dz

B = E_Lei(kR—oot) e

R

_ EL . . sin®
E = ZelkR-0y) | g=2mz5—q,

R

|
o SNICTN“:-\[\HO_

|

The expression is the same as Fourier transform.

0]

F(u) = j f(x)e™2miuxdx

— 00
(00]

f(x) = j F(u)e?™du

— 00

5-2 Dirac delta function derivation
(oo forx=a
8(x—a) _{0 forx # a

f&(x—a)dx =1

derivation :
f(x) =f F(u) e?™Xdy

f(X) — .[ !J f(X,) e—ZTI’i/le’ dX,] eZTI/i’LLXd,LL

f(x) = f f(x") [ f_ O;e-ZW(X’-X>du] dx’

— 00

Note that
f(x) = J f(x") 6(x" — x)dx’

Therefore,
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§(x' —x) = J e—ZTriu(x’—x)du

Set y =x' —x,
This leads to

8(}’) :J e—aniuydu
Similarly,

Flu) = foof(x) e~ 2muX dy

Flu) = J [j T(/LL') ezmu’xdull e~ 2TuUX 4y

— 00
(00

Fw = [ Fw) [ | Zemw’—wdx] du

Note that
Flu) = joofF(u’) S(u' —w)du'
Therefore, -
S(u' —u) = j ) e2mix(uw' ~uw) gy

Set y=u"—u,
This leads to

8(y) = j e2™Xy dx
Comparing with
S(y) ZJ e—Zthiuydu

This indicates that §(y) exhibits a character
8(y) = 8(=y)

(0e] oo
.[ eZﬂmydu — J e—ZT[’l/uydu
— 00 — 00
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5-3 A number of general relationships may be written for

any function f(x) - real or complex.

Real space Fourier transform space
f(x) F(u)
f(-x) —F(—u)
1 _ u
f(ax) ~F(2)
f(x)+g(x) F(u) + G(uw)
F(x-a) e 2MaUE(y)
% f(x) 2miuF(u)
%f(x) (2miw)"F(u)
Examples :

(1) f(ax) > F (ﬁ)
F{f(ax)} = j f(ax) e~2™4X(dx

Set X=ax
Then
* . X X
F{f(ax)} = J f(X) e‘z“”‘aclg

[ee)

1 —21'tfiuK
Fl{f(ax)} = Ef fX)e adX

F{f(ax)} = g (%)

a

(2) f(x —a) - e?™@“F(u)
Flf(x — a)} = f f(x — a) e~2muxqy

Set X=x-a
Then
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Fi{f(x—a)} = f f(X) e 2™ X+ (X + a)
T{f(X _ a)} — e—aniuaf f(X) e~ 2miuXqy

Fi{f(x—a)} = e‘g’c&“aﬂf ()

(3) i f(x) - 2miuF (un)

d — ” d —2Miux
T{& f(X)} B j_oo&f(x) © dx
d _ “d ” N a2miu'x 3,0 | o—2miux
?{&f(x)} B f_w& U_OOT(M e du ] © dx

F {% f(x)} = j_o:o U_O:OT(/LL’) (% ezmu’x) du’] e~ 2MuUX gy

Then

F {% f(x)} = j_oo U_oof]-"(u’) Zmlu’ezm“”‘du’] e~ 2T gy
F {% f(x)} = LZ 2miu' F(u') U_OO
e

2miu' F(u')6(u' —w) du'

F {% f(x)} = 2miuF (u)

(00]

eZthi(u’—u)x dX] du’
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5-4 Fourier transform and diffraction

(i) point source or point aperture
A small aperture in one dimension can be described as
8(x) or 8(x—a) The Fourier transform used to derive

Fraunhofer diffraction pattern is illustrated below.

For 8(x)
F8(x)} = j 8(x) e~ 2™uxdy

F{8(x)} = e 2mw0 foo §(x) dx

F5(0) = e 270 . |
FE}=1-1=1

The intensity is proportional |F(w)|* =

For 8(x —a)
F{8(x—a)} = j ) §(x — a) e 2mHxdy
Set X=x-a -
Then
F{6(X)} = j ) §(X) e 2muX+a)q(X + a)
F{8(X)} = e72mna f i §(X) e72™XdX

F{8(X)} = e2mina . |
T{S(X)} — e—ZTm‘ua
The intensity is proportional |F(w)|* =

Remarks:
The difference between the point source at x=0 and x=a is

the phase difference.
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(i) a slit function

0 when [x| =
f(x) =

N|o' N o

1 when|x| <=

Fiie9} = F() = | "0 ez
b —00

— 2 —2miux
F(u) e dx

b
2
b
—2TMiux|2
F —
(w) —2miu| b
2
T( ) e—ZTmu— e21'[4lug
W T i
F(w) —24sin(mub)
w= 2miun
sin(ttub)
Flu) =
T

c.f. the kinematic diffraction from a slit

ei(Kr—wt) dz = e/L(K(R—Z sin 0)—wt) dz

N
I
7 | 2
Nfe— Nl o
7 | 2
N — N o

if R> z (Fraunhofer approximation)

~ &
E = _e’L(KR—(Dt)
R

e—’i(KZ sin 0) dz

'\Mcr

N| T

b
F —i(kzsin0)|2
’E’ — E_Le’i(KR—(Dt) €

R —4Ksin O

b
2
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& —2/Lsin(Kb Szm 6)
E = _e/L(KR—(x)t)
R —4iksin 0
= sin(Kb sin 9)
E= EL_b ei(KR-wt) 2
R kbsin ©
2
E= ELTbeAL(KR—wt) %, where B — kb sin 6
From the similarity - we obtain mub is equivalent to Kbsin®
kb sin 0
mub =
2
b mb sin 6
up =
" X
Therefore
sin 6

w i1s equivalent to
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(iii) a periodic array of narrow slits

f(x) = z 6(x — na)

n=-—oo

f(x)

A

-4a -3a -2a -a [0 a Za 3a 4a ~

The Fourier transform is

FLE)} = F(u) = j ” ) e 2 dy

Z §(x — na)] e~ 2mux dy

n=-—co

0
(00]

F(u) =j_

Flu) = i j_oo §(x — na) e~ 2™4Xdx

F(u) = z e—Z‘m‘unaj §(x —na) dx
T(/LL) — 2 e~ 2miuna

Since

% T 1-—x
n=0

e}

T(/LL) — z e~ 2miuna

n=—oo
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T(’LL) — Z(eZWLua)n + Z(e—sz;ua)n -1
n=0 n=0

T(/LL) — z(emﬂma)n + Z(e—mvma)n -1
n=0 n=0

1 1
T(u)=1 + -1

— eZT[fiua 1— e—21'tfiua

Discussion

for e=2mua 1
1 — e—Zthiua +1— emu'ua
T(’LL) = 1— eZRiua +1- e—2m:ua o
Fu)=1-1=0

for e=2mua = 1
F(u) =00
It occurs at the condition
e~ 2™ua = cos(2mua) — isin(2mua) = 1
2mua = 2mh

.where his an integer.

Il
=

ua
In other words,

Flu) = z 5(ua — h)

h=—o
note that
o
S(ax) = ﬁ
|a|

Proof:

_ (oo forx=20

8(x) = {0 forx # 0

f_o:oéi(x) dx=1
.[_O:O(S(ax) dx = f_o:o(‘i(lalx) dx

Set x' = |alx
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o0 (o'e] . dXI 1
j 8(|a|x)dx=f 50 7 = 7

Therefore

S(ax) = &X)
|al

The Fourier transform of f(x) can be expressed as

0

F(uw) = i §(ua—h) = 2 5[3(“_2)]

h:—oo h=—OO

= Y o(e)

h=-o0

,Where a>0

Hence, the Fourier transform is a set of equally spaced delta
functions of a period i

Similarly - a periodic 3-D lattice in real space; (a - b * ¢)

o o oo

p(Y) =2228(x—ma,y—nb,z—pc)
m n p

O © oo

Flo(®} = F(u) = f Z lXEE 8(x — ma,y — nb,z — pc))
b &

e—ZT[’LuXe—Zthbvye—ZT[’LWZ dx

- Sl Dele-D

This is equivalent to a periodic lattice in reciprocal lattice (i1 4

a'b'c
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(iv) Arbitary periodic function

For an arbitrary periodic function

- .h

h=-o

Then

T{f(X)} = T(/u,) = JOO [ z Fy, ez'r[’i}:(] e~ 2MiuUX 4y

h=—o00

* 21'[4LB —21ti
Flu) = z ThJ e’ a e X (dx

h=—o0
_ - ® —211@(44—%))(
F(w) h:z_oo :Zh j K dx
F(u) = hZooTh S (u — g)

Hence ' the F(w) ; i.e. diffracted amplitude, is
represented by a set of delta functions equally spaced

with separation % and each delta function has

“weight” F, thatis equal to the Fourier coefficient.
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Supplement # 1

Fourier transform of a Gaussian function is also a Gaussian
function.

Suppose that f(x) is a Gaussian function

25,2

f(x) =e™@%
Then

[00]

FIf(x)] = F(u) = J e—azxze—zmuxdX

— 00
(00]

(222 ;
— fe (a*x +2‘rt1ux)dX

— 00
(00

.2 2
= je_(ax-l-%) e_(%) dx

— 00
Tiu

define B = ax +—
dp
— =

(00

dx

F(u) = je‘Bze_(%u)zdx

— 00
oo

zée‘(na_u)z fe—Bde

— 00

_Vm -y’
a

Standard deviation is defined as the range of the variable (x or
u) over which the function drops by a factor of ez of its

maximum value.

1 f(x) = e=@°x’
Set e 2% =72
1
o, = —
X \/Ea
T _(Tu)?
T(u) = £e ( a )
a
a
Oy = —

V2
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Hence
1
Oy * Oy = 7
c.f.
Ax * Ap~h
Ax * A(hk)~h
hk
Ax x A (—) ~h
27T

Ax * AR~2TT
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Fourier transform of a Gaussian function

xX:=-2,-1.99..2

2 2
f(a,¥) :=e % *

£(2,%)
£(8,x)
X
U:=-5,-4.99.5
(1) 2 2
—_— -7 u
n M (J{(II)J
f(a,u) —{ 2} e a
(lal)
f(2,u)

(8, u)
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Supplement #2  Definitions in diffraction

x Fourier transform and inverse Fourier transform

Flw) = [ f(x) e~ 2™uxdx
Systeml : o .
f(x) = [__ Flu)e*™*du
Flu) = [~ f(x) e "*dx
System?2 : L f;‘x’ ) ,
f(x) = Ef_oo}"(u) e"™Xdu
F(u) = Lf_oooo f(x) e”***dx
System3 : fﬁ w ,
() = 2= 7, F(w) e"*du
F — (*® f 2miux 4
System4 : () Oof‘°° Ge . i
f(x) = J__ F(u)e ?™*du
Flu) = [~ f(x) e™dx
System5 : ) {.fm &) .
f(x) = Ef_oo}"(u) e "Xdu
Flu) = — J7 f(x) e**dx
System6 : vam

() = ==, F(uw) e du
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* relationship among Fourier transform, reciprocal lattice, and
diffraction condition.

System Reciprocal lattice Diffraction condition

1,4 pr= X3 | Ghg=hd +kb’ S'~S =G
’ b-(¢x3) + 1¢* K — K = 2nGpyy

23 a- (b X C
c 6 B = Zmc xa Gryq = ha* + kb 21(S' = S) = Gpiq
' b(EXg) +l(_:>* ﬁl_ﬁ:Giklkl




